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Theory of Cherenkov radiation in periodi dieletri media: Emission spetrum
Christian Kremers, Dmitry N. Chigrin, and Johann Kroha
Physikalishes Institut, Universität Bonn, Nussallee 12, D-53115 Bonn, Germany
The Cherenkov radiation is substantially modied in the presene of a medium with a nontrivial
dispersion relation. We onsider Cherenkov emission spetra of a point or line harge, respetively,
moving in general, three- (3D) and two-dimensional (2D) photoni rystals. Exat analytial ex-
pressions for the spetral distribution of the radiated power are obtained in terms of the Bloh
mode expansion. The resulting expression redues to a simple ontour integral (3D ase) or a one-
dimensional sum (2D ase) over a small fration of the reiproal spae, whih is dened by the
generalized Cherenkov ondition. We apply our method to a spei ase of a line soure moving
with dierent veloities in a 2D square-lattie photoni rystal. Our method demonstrates a rea-
sonable agreement with numerially rigorous nite-dierene time-domain alulations while being
less demanding on omputational resoures.
79.20.2m, 42.70.Qs, 41.60.Bq
I. INTRODUCTION
Bak in 1934 Cherenkov reported the observation of
the eletromagneti radiation produed by an eletron
moving in a dieletri medium at a veloity greater than
the phase veloity of light in this medium [1℄. Suh a
radiation possesses a unique angular and frequeny spe-
trum and is alled Cherenkov radiation [2℄. A nontrivial
dispersion relation of a medium leads to substantial mod-
iations of the Cherenkov radiation. It has been shown
that an eletron moving in a homogeneous medium with
dispersion should emit at any veloity [3℄. Riher spatial
distribution of the emitted radiation inluding intensity
osillations behind the Cherenkov one is a signature of
the radiation in suh a medium [4, 5, 6℄.
To understand the properties of the Cherenkov radia-
tion one an represent the moving eletron with spae-
time dependene of the orresponding urrent density
J (r, t) ∼ δ3 (r− vt) as a superposition of plane waves
δ3 (r− vt) =∑
k
exp (ik · r− ik · vt) with dierent wave
vetors k and frequeny k ·v, where v is the eletron ve-
loity. Only plane waves with frequeny and wave vetor
tting the medium dispersion ω (k) an resonantly ex-
ite eletromagneti modes in the medium, whih gives
the Cherenkov resonane ondition [7℄:
ω (k) = k · v. (1)
In a homogeneous, non-dispersive medium with refra-
tive index n, the dispersion relation is simply given by
ω (k) = (c/n) |k| and the Cherenkov ondition (1) leads
to a well known onial wave front with an aperture
cosφ = c/ (n |v|) and a ondition on the eletron velo-
ity |v| > c/n [2, 7℄, c being the vauum speed of light.
In an inhomogeneous medium the interplay between in-
terferene and propagation an result in an engineered
nontrivial dispersion relation ω (k). For example, peri-
odi dieletri media (photoni rystals) [8, 9℄ substan-
tially modify both dispersion and diration of eletro-
magneti waves possessing many unusual and novel op-
tial phenomena, inluding modiation of emission dy-
namis [10, 11, 12℄, ultra-refration [13, 14, 15, 16℄ and
photon fousing [17, 18, 19℄ eets. The present work
fouses on an analytial understanding of the inuene
of a periodi medium on the Cherenkov eet.
Several studies on the modiation of the radiation
produed by a harged partile moving near or inside
periodi dieletri media are available. The Cherenkov
radiation in holesteri liquid rystals has been analysed
in Ref. [20℄. The modiation of the Smith-Purell ra-
diation has been reently studied both theoretially and
experimentally near a surfae of a two- (2D) and three-
dimensional (3D) photoni rystal [21, 22, 23, 24, 25℄.
The Cherenkov radiation generated by an eletron mov-
ing inside an air pore of a 2D photoni rystal perpen-
diular to the periodiity plane has been used to map
its photoni band struture in Refs. [26, 27℄. In all
above mentioned reports, the theoretial analysis of the
Cherenkov eet has been done in the plane wave ba-
sis. Spatial and spetral modiations of the Cherenkov
radiation produed by an eletron moving in the period-
iity plane of a 2D photoni rystal have been studied in
Ref. [28℄ using the nite-dierene time-domain (FDTD)
method. To date, there do not exist any reports on the
general theory of the Cherenkov eet in an arbitrary 3D
periodi dieletri medium [36℄.
Figure 1: A sketh of a periodi medium and a harge traje-
tory. Basis vetors ai of the lattie are shown. The oordinate
system is hosen with one axis along (rˆ‖) and the other per-
pendiular (rˆ⊥) to the harge trajetory.
2The main purpose of the present work is to develop
suh a theory and to provide a simple expression for the
Cherenkov emission spetrum (energy loss spetrum) for
a point or line harge, respetively, moving with veloity
v in an arbitrary diretion inside a general, 3D or 2D
photoni rystal. To ahieve this goal we derive an ana-
lytial expression for the power emitted per unit length
of the harge trajetory in terms of the Bloh mode ex-
pansion. This expression is further redued to a simple
ontour integral (3D ase) or a one-dimensional sum (2D
ase) over a small fration of the reiproal spae. As
a result, to alulate the Cherenkov emission spetrum,
Bloh eigenmodes and their orresponding group veloi-
ties are required only along an integration path (3D ase)
or at a disrete set of k-points (2D ase), onsiderably
reduing omputational demands. The integration path
and the disrete set of points are dened by the general-
ized Cherenkov ondition. Our theory onrms that the
Cherenkov radiation does exist in a periodi medium for
an arbitrary eletron veloity [28℄. It also predits an
enhanement of the radiated power near the frequenies
orresponding to the vanishing omponent of the group
veloity, whih is orthogonal to the eletron trajetory.
The paper is organized as follows. In Setion II the
general solution of Maxwell's equations is summarized
for an arbitrary periodi medium. In Setion III an an-
alytial expression is derived for the power radiated per
unit length by a moving point harge in 3D and a line
harge in 2D periodi media. In Setion IV we apply our
theory to alulate the Cherenkov emission spetra in the
partiular ase of a 2D photoni rystal. The preditions
of the analytial theory are substantiated by numerially
rigorous FDTD alulations. Setion V onludes the
paper.
II. RADIATED FIELD
We onsider a point (line) harge q uniformly moving
with a veloity v along some diretion in a general, in-
nite periodi 3D or 2D medium ε (r) = ε (r+R) (Fig.
1). Here R is a vetor of the diret Bravais lattie,
R =
∑
i liai, li is an integer and ai is a basis vetor
of the periodi lattie. It is assumed that the medium is
linear, nonmagneti and that no absorption takes plae.
Then the relevant Maxwell's equations read in SI units:
∇×E (r, t) = −µ0 ∂
∂t
H (r, t) , (2)
∇×H (r, t) = ε0ε (r) ∂
∂t
E (r, t) + J (r, t) , (3)
where, the eletri (magneti) eld is denoted by E (H).
An eletromagneti eld is produed by a urrent soure
J (r, t), whih in the ase of the moving point (line)
harge is dened as
J (r, t) = qvδd (r− vt) . (4)
Here d = 2, 3 is the dimensionality of the periodi lattie.
In the frequeny domain, a general solution of Maxwell's
equations (2-3) for an arbitrary urrent soure J (r, t) and
a periodi dieletri funtion ε (r) is given in terms of the
Bloh eigenmode expansion [9, 30℄
E (r, ω) = −i 1
(2π)
d
ω
ε0
∑
n

BZ
ddk

ddr′
 E
(T )
kn (r)⊗E(T )⋆kn (r′)(
ω − ω(T )
kn + iγ
)(
ω + ω
(T )
kn + iγ
) + E(L)kn (r)⊗E(L)⋆kn (r′)
(ω + iγ)
2
·J (r′, ω) . (5)
Here J (r, ω) is the Fourier transform of the urrent den-
sity J (r, t), for the moving point (line) harge (4) given
by [37℄
J(r, ω) = qrˆ‖δ
d(r⊥) exp
(
iω
r‖
|v|
)
. (6)
The oordinate system is hosen with one axis, rˆ‖, be-
ing parallel and other,
{
rˆ
i
⊥
}
, orthogonal to the ele-
tron trajetory (Fig. 1). E
(T )
kn (r) and E
(L)
kn (r) are gen-
eralized transverse and longitudinal Bloh eigenmodes
[9, 30℄ haraterized by the band index n, the wave vetor
k and the eigenfrequenies ω
(T )
kn and ω
(L)
kn , respetively.
The Bloh eigenmodes satisfy standard lattie periodi
boundary onditions. As it will be shown in the next
Setion, only transverse Bloh eigenmodes ontribute to
the Cherenkov radiation eld. The asterisk (⋆) and ⊗ de-
note the omplex onjugate and the outer tensor produt
in 3D spae, respetively. Bloh eigenmodes satisfy the
homogeneous wave equation and fulll the normalization
onditions

ddr ε (r)E
(α)⋆
kn (r) · E(β)k′n′ (r) = (2π)d δαβδnn′δd (k− k′) (7)
3and ompleteness relations∑
nα

BZ
ddk
√
ε (r) ε (r′)E
(α)
kn (r)⊗E(α)⋆kn (r′) = (2π)d 1ˆδd (r− r′) , (8)
where α, β = T or L, and 1ˆ is the unit tensor. In Eqs. (5)
the k-spae integration is performed over the rst Bril-
louin zone (BZ) of the periodi medium and the sum-
mation is arried out over dierent photoni bands. A
positive innitesimal γ in (5) assures ausality [9℄.
III. EMISSION SPECTRUM
The emitted power of the Cherenkov radiation in a
general periodi medium is given by the rate at whih
the moving harge does work on the surrounding eletro-
magneti eld. For an arbitrary urrent density J (r, t)
in a 3D or 2D volume V0, the time-dependent emitted
power is given by [31℄
P (t) = −

V0
ddr J (r, t) ·E (r, t) . (9)
The total energy U radiated by the urrent J (r, t) is
obtained by integrating (9) over all moments of time
U =
 ∞
−∞
dt P (t) . (10)
The time integral in (10) an be further transformed into
the integral over frequeny (see Appendix A)
U =
 ∞
0
dω P (ω) , (11)
with a total power radiated per frequeny interval
[ω, ω + dω] given by
P (ω) = − 1
π
Re

V0
ddr J (r, ω) · E⋆ (r, ω)
 . (12)
To obtain the power emitted per unit length of the harge
trajetory the integration volume V0 should be hosen as
a ylinder oaxial with the trajetory, while the integral
itself should be normalized by the ylinder length l. In
the 2D ase, the volume integral is redued to the surfae
integral over a retangle oaxial with the harge traje-
tory and the result should be normalized to the retangle
length.
We further derive the spetral dependene of the power
(dP/dl) (12) radiated per unit length by the point (line)
harge (4) uniformly moving in a periodi medium. As-
suming that the presene of the moving harge does
not hange the band struture of the periodi medium,
the eletromagneti eld E (r, ω) surrounding the moving
harge an be expressed in the form of the Bloh eigen-
mode expansion (5). This expansion is valid for any point
r in the medium being dierent from, but as lose as re-
quired to, the harge trajetory. Substituting the Fourier
transform of the urrent density (6) and the Bloh mode
expansion (5) in the equation (12) we obtain
dP
dl
= − 1
(2π)
d
ω
πε0
∑
n

BZ
ddkRe
−i
 I(T )(ω − ω(T )
kn + iγ
)(
ω + ω
(T )
kn + iγ
) + I(L)
(ω + iγ)
2


(13)
with
I(α) = q2I
(α)
1 I
(α)
2 = q
2

∞

−∞
dr‖
(
e
(α)⋆
kn
(
r‖
) · rˆ‖) e−i(k‖− ω|v| )r‖

1l
l/2

−l/2
dr‖
(
e
(α)
kn
(
r‖
) · rˆ‖) ei(k‖− ω|v| )r‖
 , (14)
where α = T, L. We have readily performed the
spae integration in the transverse diretion rˆ⊥ and used
the Bloh theorem E
(α)
kn (r) = e
(α)
kn (r) exp (ik · r), where
e
(α)
kn (r) is a lattie periodi funtion. To avoid having to
deal with the bremsstrahlung radiation we limit our-
selves to the eletron trajetories whih do not ut diele-
tri interfaes in the periodi medium. Suh trajetories
are neessarily rationally oriented with respet to the pe-
riodi lattie. In this ase the funtion
(
e
(α)
kn
(
r‖
) · rˆ‖) in
(14) as well as its omplex onjugate are both one di-
4mensional periodi funtions with a period a dened by
a partiular orientation of the eletron trajetory. Then,
Eq. (14) an be further simplied to (see Appendix B)
I(α) = 2πq2
∑
m
∣∣∣c(α)m (k;n)∣∣∣2 δ(k‖ − ω|v| − 2πa m
)
.
(15)
Here k‖ is the omponent of the wave vetor paral-
lel to the eletron trajetory. cm(k;n) is the m-th
(m ∈ Z) Fourier oeient of the periodi funtion
(
e
(α)
kn
(
r‖
) · rˆ‖) dened as
c(α)m (k;n) =
1
a
 a
0
dr‖
(
e
(α)
kn
(
r‖
) · rˆ‖) e−i 2pia mr‖ . (16)
Taking into aount the expression (15) and the rela-
tion Re [i (Re [z] + i Im [z])] = −Im [z], the power radiated
by a moving harge per unit length is given by
dP
dl
= − 1
(2π)
d−1
ωq2
πε0
∑
nm

BZ
ddk δ
(
k‖ −
ω
|v| −
2π
a
m
)∣∣∣c(T )m (k;n)∣∣∣2 Im
 1(
ω − ω(T )
kn + iγ
)(
ω + ω
(T )
kn + iγ
)
+
∣∣∣c(L)m (k;n)∣∣∣2 Im
[
1
(ω + iγ)
2
]}
. (17)
This expression an be further integrated along the diretion k‖ in the k-spae yielding
dP
dl
= − 1
(2π)
d−1
ωq2
πε0
∑
nm

S
dd−1k⊥
∣∣∣c(T )m (k;n)∣∣∣2 Im
 1(
ω − ω(T )
kn + iγ
)(
ω + ω
(T )
kn + iγ
)
+
∣∣∣c(L)m (k;n)∣∣∣2 Im
[
1
(ω + iγ)
2
]}
. (18)
In the 3D ase, a resulting surfae integral is taken over
a plane S. In the 2D ase, the integration redues to
an integral over a line C (Fig. 2). Both the integration
plane and the integration line should be orthogonal to
the eletron trajetory and are dened by the following
relation
k‖ =
ω
|v| +
2π
a
m. (19)
Here the integer m should be hosen in suh a way that
the wave vetor k‖ stays in the rst BZ. Further, taking
the limit γ → 0+ and using the relation
Im
[
lim
γ→0+
1
ω ± ω(T )
kn + iγ
]
= −πδ
(
ω ± ω(T )
kn
)
, (20)
the spetral radiated power (18) an be expressed in the
form
dP
dl
=
1
(2π)
d−1
ωq2
πε0
∑
nm

S
dd−1k⊥
{
π
2ω
(T )
kn
∣∣∣c(T )m (k;n)∣∣∣2 (δ (ω − ω(T )kn )− δ (ω + ω(T )kn ))+ 2πω
∣∣∣c(L)m (k;n)∣∣∣2 δ (ω)
}
.
(21)
The eigenfrequenies of the Bloh modes are positive [8℄, so the seond term in Eq. (21) ontaining the delta
funtion δ
(
ω + ω
(T )
kn
)
is zero for all frequenies. The third term in Eq. (21) is due to the work the urrent does on
the longitudinal part of the eletromagneti eld. In the presene of free harges the longitudinal part of the eld
orresponds to the stati eletri eld and the work done against it results in non-radiative energy transfer with a
nonzero ontribution only at zero frequeny. In what follows we will disregard this non-radiative ontribution and
will limit ourselves to the radiation into propagating eletromagneti waves only. Then the spetral radiated power
5is given by
dP
dl
=
1
(2π)
d−2
ωq2
4πε0
∑
nm

S
dd−1k⊥
∣∣∣c(T )m (k;n)∣∣∣2 δ (ω − ω(T )kn )
ω
(T )
kn
(22)
Figure 2: (Top) Diagram to dene the integration plane S and
the integration ontour ∂S (dashed line) in Eq. (18,24). Iso-
frequeny surfae enlosed in the rst BZ of the FCC lattie
is shown for a normalized frequeny ωkn = ω inside the rst
bandgap of a 3D inverted opal [32℄. (Bottom) Diagram to
dene the integration line C and the set of points {k⊥,i} (two
thik dots) in Eqs. (18,28). Iso-frequeny ontour enlosed in
the rst BZ of a square lattie PhC is shown for a normalized
frequeny ωkn = ω inside the rst bandgap. The plane S and
the line C are dened by the relation k‖ = δk‖ =
ω
|v|
+ 2pi
a
m.
The hoie of the oordinate system with one axis, k‖, parallel
to the eletron trajetory is shown.
The argument of the Dira delta funtion in Eq. (22)
is a funtion of the wave vetor. One an use this fat to
further redue the dimensionality of the (d− 1) k-spae
integral. In the 3D ase, using the relation

V
ddk f (k) δ (g (k)) =

∂V
dd−1k
f (k)
|∇kg (k)| , (23)
where ∂V is (d− 1) dimensional surfae dened by
g (k) = 0, the integral over the plane S is onverted into
a ontour integral
(
dP
dl
)3D
=
q2
8π2ε0
∑
nm

∂S
dk
∣∣∣c(T )m (k;n)∣∣∣2∣∣∣∇k⊥ω(T )kn ∣∣∣ . (24)
The ontour ∂S is dened by the relation (19) and
ω
(T )
kn = ω. (25)
It is an intersetion of the iso-frequeny surfae with
plane S (Fig. 2-top). In the 2D ase, the relation
δ (f (k)) =
∑
i
δ (k − ki)
|f ′ (ki)| (26)
an be used, where summation is taken over all solutions
of the equation f (k) = 0. Substituting (26) into (22) we
obtain
(
dP
dl
)2D
=
ωq2
4πε0
∑
nmi

C
dk⊥
∣∣∣c(T )m (k;n)∣∣∣2 δ (k⊥ − k⊥,i)
ω
(T )
kn
(∣∣∣∂ω(T )
kn /∂k⊥
∣∣∣)∣∣∣
k⊥,i
,
(27)
where {k⊥,i} are simultaneous solutions of the equa-
tions (19) and (25) given by the intersetions of the iso-
frequeny ontour with the line C (Fig. 2-bottom). Per-
forming k-spae integration, we nally obtain
(
dP
dl
)2D
=
q2
4πε0
∑
nmi

∣∣∣c(T )m (k;n)∣∣∣2∣∣∣∂ω(T )
kn /∂k⊥
∣∣∣

∣∣∣∣∣∣∣
k⊥,i
, (28)
where the funtion in brakets is alulated for the wave
vetors orresponding to the set {k⊥,i}.
Formulas (24) and (28) onstitute the main result of
the present work. They give the power radiated by the
moving point harge (3D) or line harge (2D) q in the
spetral interval [ω, ω + dω] per unit length of the tra-
jetory for a 3D and 2D periodi medium, respetively.
6The radiated power is proportional to the Fourier o-
eients c
(T )
m (k;n), whih eetively desribe the loal
oupling strength between the urrent density produed
by a moving harge and the eletromagneti eld at the
eletron loation. The gradient and derivative of the dis-
persion relation v
g
⊥ = ∇k⊥ω(T )kn and vg⊥ = ∂ω(T )kn /∂k⊥
yield the omponent of the group veloity, v
g
, of the
Bloh eigenmode (k;n), whih is orthogonal to the ele-
tron trajetory. The Cherenkov radiated power is pro-
portional to the inverse of this omponent of the group
veloity. That means that the radiated power an be
strongly enhaned not only if the group veloity itself
Figure 3: Diagram to illustrate the generalized Cherenkov
ondition (29). A 3D representation of the photoni band
struture (top) of the 2D PhC (bottom) is shown for TE
polarization. An innite 2D square lattie of air holes in a
dieletri medium is onsidered. The radius of the holes is
r = 0.4a, the dieletri onstant of the bakground medium is
ε = 12.0. Only the rst band in the rst BZ is presented. The
right-hand side of Eq. (29) denes the set of planes for dif-
ferent m. The intersetion (dashed line) of these planes with
the band struture determines the Bloh modes ontribut-
ing to the Cherenkov radiation. Here it is supposed that a
line harge moves along the z-axis in the rystal with veloity
|v| = 0.15c.
is small for some frequeny, but also if the omponent
of the group veloity orthogonal to the eletron traje-
tory beomes small. At the same time suppression of the
Cherenkov radiation is possible if for some frequeny the
urrent density produed by a moving harge is not ou-
pled to the orresponding Bloh mode and the Fourier
oeients c
(T )
m (k;n) is small.
Only eigenmodes with the wave vetors on the ontour
∂S (24) and from the set {k⊥,i} (28) ontribute to the
radiated power at a given frequeny. It is important to
realize that Eqs. (19) and (25) dening the ontour ∂S
and the set {k⊥,i} are equivalent to the Cherenkov reso-
nane ondition (1). In fat, substituting (25) in (19) and
taking into aount that the salar produt in (1) results
in v · k = |v| k‖ one obtains the generalized Cherenkov
ondition for a periodi medium
ω
(T )
kn = |v| k‖ − |v|
2π
a
m. (29)
In the 4D (3D) (ω-k)-spae the right-hand side of the
relation (29) denes a hyperplane (plane) whose inter-
setion with the band struture, ω
(T )
kn , determines Bloh
modes ontributing to the Cherenkov radiation (Fig. 3-
top). Nonzero integers m ensure that suh an interse-
tion and onsequently the Cherenkov radiation exist in a
periodi medium for an arbitrarily small harge veloity.
In a homogeneous medium m = 0 and the Cherenkov
ondition redues to a standard form ωk = |v| k‖.
As a simple hek of our theory we show in the follow-
ing that the nal formulas (24,28) reprodue the limit of a
homogeneous medium with the dieletri onstant ε. For
a given frequeny ω, the wave vetor |k| and the group
veloity |vg⊥| are given by |k| = (ω
√
ε) /c and |vg⊥| =
(c |k⊥|) / (
√
ε |k|) respetively, with k⊥ = k − k‖ being
the omponent of the wave vetor perpendiular to the
eletron trajetory. The appropriately normalized eigen-
modes are plane waves E = (1/
√
ε) eˆ exp (ik · r), where eˆ
is a polarization unit vetor orthogonal to the wave ve-
tor k. Further, aording to the Eq. (19) the wave vetor
omponent k‖ is equal to k‖ = ω/ |v| with m = 0 and the
oeient c0 is given by c0 = |k⊥| / (
√
ε |k|). Then in the
3D ase, taking into aount that an integration ontour
∂S is a irle of radius |k⊥| and performing integration in
polar oordinates with dk = |k⊥| dφ, the radiated power
(24) is given by
(
dP
dl
)3D
h
=
1
4πε0
q2
c
√
ε
|k|
1−(∣∣k‖∣∣|k|
)2 , (30)
whih nally yields the usual results of the Frank-Tamm
theory [7℄
(
dP
dl
)3D
h
=
q2ω
4πε0c2
(
1− c
2
ε |v|2
)
. (31)
7In the 2D ase Eq. (28) yields(
dP
dl
)2D
h
=
1
2πε0
q2
c
√
ε
√
1− c
2
ε |v|2 . (32)
IV. NUMERICAL RESULTS
In this setion the analytial results developed in the
previous setion are applied to the numerial study of the
Cherenkov radiation in a 2D photoni rystal. An innite
2D square lattie of air holes in a dieletri medium is
onsidered. The radius of the holes is r = 0.4a, while the
dieletri onstant of the bakground medium is ε = 12.0.
A line harge oriented perpendiular to the periodiity
plane of the rystal moves along the z-axis with a veloity
v, staying always in the spae between air holes (Fig. 3
bottom). The orresponding urrent density, Eqs. (4)
and (6), generates an eletri eld (5) polarized in the
periodiity plane (transverse eletri or TE polarization)
[8, 9℄, i.e., the Bloh eigenmode expansion should inlude
the TE polarized Bloh modes only. The rst TE band
for the onsidered PhC is presented in the gure 3-top.
The band struture was alulated using the plane wave
expansion method [33℄.
To nd the power radiated by a harge moving with a
given veloity v, all Bloh modes ontributing to the ra-
diation should be determined. These modes are speied
by the solutions of the relation (29). In what follows we
restrit our analysis to the frequeny range of the rst
band of the onsidered PhC struture. In gure 3-top,
solutions of the Cherenkov relations (29) are graphially
illustrated for m = 0, −1, −2 (dashed lines) and harge
veloity v = 0.15c. The frequenies satisfying relations
(29) determine the spetral range of nonzero ontribu-
tion to the Cerenkov radiated power, the Cherenkov band.
The evolution of the Cherenkov band is presented in g-
ure 4 as a funtion of the harge veloity.
For harge veloity v = 0.15c, the Cherenkov spetrum
is given by the intersetions of the band struture with
the planes m = −1 and m = −2. The plane orrespond-
ing to m = 0 does not interset the band struture of the
rystal (Figs. 3, 4). For smaller harge veloities, more
and more planes interset the photoni band struture,
and the Cherenkov spetrum is built from a number of
disrete sub-bands. For suiently small harge veloi-
ties the spetral range of the rst photoni band beomes
densely lled with the disrete sub-bands (Fig. 4).
In the long wavelength limit the periodi medium is
eetively homogeneous. For the PhC onsidered in
Fig. 4 the eetive refrative index is equal to neff =√
εeff ≈ 2.186. Consequently, for m = 0 the relation
(29) imposes a ondition on the minimal harge velo-
ity to produe Cherenkov radiation at small frequenies,
namely v ≥ vmin = c/neff ≈ 0.457c. For harge veloi-
ties larger than the threshold value the Cherenkov band
overs the spetral range from zero to the maximum fre-
queny, whih is dened by the intersetion of the band
Figure 4: Cherenkov radiation band. Sub-bands dened by
the intersetions of the band struture with the planes or-
responding to the dierent m's are shaded in light and dark
gray. Vertial lines mark the harge veloities used in the fur-
ther alulations, v = 0.15c, v = 0.3c and v = 0.6c in the top
panel and v = 0.1c in the bottom panels, respetively.
struture with the plane m = 0 at the rst BZ boundary
(Fig. 4).
To ompute the radiated power from Eq. (28), one
should alulate the Bloh modes along a harge traje-
tory, their Fourier transforms and orresponding group
veloities for wave vetors belonging to the intersetions
dened by Eq. (29). The alulation of the Cherenkov
spetrum is illustrated in gure 5 for a line harge (q =
1.6×10−19C) moving with the veloity v = 0.1c. To al-
ulate Bloh modes and group veloities, the plane wave
expansion method [33℄ and the Hellmann-Feynman theo-
rem were used, respetively. For the veloity v = 0.1c the
Cherenkov spetrum onsists of three sub-bands dened
by the planes m = −1, m = −2 and m = −3 (Figs.4, 5),
respetively. The Fourier oeients, c
(T )
m (k;n), (Fig. 5-
b) and the orthogonal omponent of the group veloity,
vg⊥, (Fig. 5-) are nonzero only within the sub-bands.
Both Fourier oeients and the orthogonal omponent
of the group veloity approah zero at sub-band edges
A, B and C. At the edges D, E, and F only the orthog-
onal omponent of the group veloity is zero, while the
Fourier oeients have nite nonzero value. Calulation
8Figure 5: Cherenkov emission spetrum for the harge velo-
ity v = 0.1c. Projetions of the rst band of the onsidered
photoni rystal and the planesm = −1,m = −2 andm = −3
dening the Cherenkov band on the kx-ω plane are shown
(a). The Fourier oeients, c
(T )
m (k;n), the orthogonal om-
ponent of the group veloity, v
g
⊥, and the Cherenkov power
spetrum are shown in panels (b), () and (d), respetively.
Vertial lines mark the edges of the Cherenkov sub-bands.
Contribution from the sub-bands orresponding to m = −1,
m = −2 and m = −3 are shown as dashed, solid and dashed-
dotted lines, respetively.
of the Cherenkov radiated power at the band edges A, B
and C leads to the indeterminate limits of the form 0/0,
whih an be evaluated using l'Hopital's rule and is equal
to zero. At the band edges D, E and F the Cherenkov
power diverges in an intgegrable way.
In gure 6 the Cherenkov radiated power spetra are
shown for harge veloities v = 0.15c, v = 0.3c and
v = 0.6c. For harge veloities smaller than the threshold
value vmin ≈ 0.457c the Cherenkov radiation is nonzero
only within single or multiple spetral bands. For velo-
ities above the threshold, the radiated power is nonzero
almost everywhere within the rst band, approahing
asymptotially the value of the Cherenkov radiated power
in a homogeneous medium with n = neff for small fre-
quenies. The radiated power alulated using Eq. (32)
for v = 0.6c and neff = 2.186 is shown in gure 6 (bottom
panel) as dotted line. The Cherenkov radiated power is
enhaned near those frequenies where the group veloity
omponent orthogonal to the harge trajetory vanishes,
while the Fourier oeients remain nite (Fig. 6).
To substantiate our analytial results the diret nu-
merial integration of the Maxwell's equations has been
performed using rigorous nite-dierene time-domain
(FDTD) method [34℄. The simulated struture was a
10a×Na lattie of air holes in a homogeneous medium
with ε = 12.0. The longitudinal size of the periodi stru-
ture was set to N = 188, N = 376 and N = 752 lat-
tie onstants for an harge veloity v = 0.15c, v = 0.3c
and v = 0.6c, respetively. The lattie was surrounded
by a 2a wide layer of homogeneous material. The sim-
ulation domain was disretized into squares with a side
∆ = a/18 and was surrounded by a 35-ell-wide perfetly
mathed layer (PML) [35℄. The time step of integration
was set to 98% of the Courant value. The moving line
soure (4) was modeled as a urrent density soure [34℄
with the Dira delta funtion represented via an appro-
priately normalized Kroneker delta δij/∆
2
. The harge
trajetory was oriented in the longitudinal diretion of
the system, plaed in the geometrial enter of the rys-
tal, exatly between the 5th and the 6th row of holes.
For the numerial omputation of the radiated power
the eletri and magneti elds were stored at a dete-
tor surfae enlosing the rystal, and their Fourier trans-
forms with respet to time were found by disrete Fourier
transformation. The longitudinal dimension of the stru-
ture was dierent for dierent harge veloities in order
to keep the integration time at the detetor and onse-
quently the spetral resolution onstant. The detetor
surfae was situated in the lose viinity of the rystal
boundary. The total radiated power per unit length was
then alulated as
dP
dl
=
1
d
2
π
D

0
dz S (z, ω) · nˆ (33)
where S (z, ω) = 12Re [E (z, ω)×H⋆ (z, ω)] is the Poynt-
ing vetor at radiation frequeny ω, D is the length of
9Figure 6: Cherenkov emission spetra for dierent harge ve-
loities in a 2D photoni rystal. Solid lines orrespond to
the analytial results (28). Dotted line in the bottom panel
(v = 0.6c) orresponds to the Cherenkov radiated power
in the homogeneous medium with neff = 2.186, Eq. (32).
Radiated power spetra obtained using FDTD method are
shown as dashed lines. For harge veloity v = 0.15c radiated
power spetra are show for both 10a×188a (dashed line) and
20a × 188a (dashed-dotted line) strutures.
the detetor surfae along the trajetory and nˆ is a unit
vetor orthogonal to the detetor interfae.
An overall very good agreement between the results of
the analytial (Fig. 6, solid lines) and numerial alula-
tions (Fig. 6, dashed lines) is obtained. Both the spetral
range of a nonzero radiated power and its absolute value
are well represented using the FDTD method. The main
dierene an be traed bak to Fabry-Perot-like osilla-
tions of the radiated power due to the nite-size eets
in the FDTD alulations. In the nite struture, the
Cherenkov radiated power stays onsiderably enhaned
near the band edges having large but nite value. The
total power osillates around the analytial value beom-
ing partially suppressed or enhaned for dierent frequen-
ies. To onrm that these osillations indeed result from
the nite transverse dimension of the onsidered photoni
rystal, we have performed simulations for the rystal
with a double thikness (20a × 188a) for the harge ve-
loity v = 0.15c. Resulting radiated power spetrum is
shown in the orresponding panel in gure 6 as a dashed-
dotted urve. One an see twie as many osillations as
in the ase of the thinner struture, whih is a typial
signature of the Fabry-Perot like phenomena. The fur-
ther enhanement of the radiated power in omparison to
the innite struture an be assoiated with the longer
interation time of the harge at resonane frequenies
with the eetively slow Fabry-Perot modes of a pho-
toni rystal slab.
V. CONCLUSIONS
In this paper, analytial expression for the Cherenkov
power emitted per unit length of the harge trajetory
in the ase of a general 3D and 2D periodi dieletri
medium has been derived. The obtained formula for
the Cherenkov power involves the alulations of Bloh
modes and orresponding group veloities at a limited
number of points of the reiproal spae only, making
the appliation of the proposed method omputationally
not demanding. All alulations have been performed
on a desktop PC and our method requires 5 to 10 times
less CPU time then FDTD method. The analysis of the
Cherenkov emission spetrum in the periodi medium
reveals that the Cherenkov eet indeed exists for ev-
ery eletron veloity. Similar to the ase of the modi-
ation of the dipole emission in a photoni rystal, the
Cherenkov radiation an be suppressed if the oupling of
the urrent density produed by a moving eletron with
a Bloh mode is poor. At the same time, an enhane-
ment of the Cherenkov radiation is possible also if only
the omponent of the group veloity orthogonal to the
eletron trajetory is small. We have illustrated the de-
veloped analytial method and its onlusions using a nu-
merially rigorous nite-dierene time-domain method
in a speial ase of a 2D photoni rystal and demon-
strated a reasonable agreement between numerial and
analytial results.
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Appendix A
Using the Fourier representation of the time depended
real funtion F (r, t),
F (r, t) = Re
[
1
2π
 ∞
−∞
dωF (r, ω) e−iωt
]
(34)
=
1
4π
 ∞
−∞
dω
(
F (r, ω) e−iωt + F⋆ (r, ω) eiωt
)
,
for the eletri eld E (r, t) and the urrent density J (r, t)
in Eq. (9), the total radiated energy (10) an be written
in the form
U = − 2
(4π)2
Re

V0
ddr
 ∞
−∞
dt
 ∞
−∞
dω
 ∞
−∞
dΩ ×
{
J (r, ω) · E (r,Ω) e−i(ω+Ω)t + (35)
J (r, ω) ·E⋆ (r,Ω) e−i(ω−Ω)t
}]
.
Changing the integration order and using the integral
relation for the Dira delta funtion
δ (x) =
1
2π
 ∞
−∞
dy e−ixy (36)
we obtain for total radiated energy
U = − 1
4π
Re

V0
ddr
 ∞
−∞
dω
 ∞
−∞
dΩ ×
{J (r, ω) ·E (r,Ω) δ (ω +Ω) + (37)
J (r, ω) · E⋆ (r,Ω) δ (ω − Ω)}] .
Further, integrating over Ω and using the symmetry of
the Fourier transform of the eletri eld, E (r,−ω) =
E
⋆ (r, ω), the total radiated energy an be written as an
integral over frequeny (11)
U = − 2
π
 ∞
0
dω
1
2
Re

V0
ddr J (r, ω) · E⋆ (r, ω)
 . (38)
The integrand in Eq. (38) oinides with the time-
averaged radiated power of the monohromati soure
J (r, ω) [31℄.
Appendix B
Expanding a periodi funtion
(
e
(α)
kn
(
r‖
) · rˆ‖) in the
Fourier series(
e
(α)
kn
(
r‖
) · rˆ‖) = ∞∑
m=−∞
c(α)m (k;n) e
i 2pi
a
mr‖
(39)
with oeients c
(α)
m (k;n) dened in Eq. (16), integrals
I
(α)
1 and I
(α)
2 in (14) an be transformed to
I
(α)
1 =
∞∑
m=−∞
c(α)⋆m (k;n)
∞

−∞
dr‖ e
−i(k‖− ω|v|−
2pi
a
m)r‖
(40)
and
I
(α)
2 =
∞∑
p=−∞
c(α)p (k;n)
1
l
l/2

−l/2
dr‖ e
i(k‖− ω|v|−
2pi
a
p)r‖ , (41)
respetively. In Eq. (40), integration over r‖ immediately
yields
I
(α)
1 = 2π
∞∑
m=−∞
c(α)⋆m (k;n) δ
(
k‖ −
ω
|v| −
2π
a
m
)
. (42)
Integral in (41) is equal to l, if k‖− ω|v| − 2πa p = 0. Over-
wise it results in
sin
((
k‖ − ω|v| − 2πa p
)
(l/2)
)
(
k‖ − ω|v| − 2πa p
) . (43)
Then, in the limit l → ∞, I(α)2 vanishes for k‖ − ω|v| −
2π
a p 6= 0, while is equal to 2π
∑∞
p=−∞ c
(α)
p (k;n) for k‖ −
ω
|v| − 2πa p = 0. Finally, using the funtion
δ˜ (x) =
{
1, x = 0
0, x 6= 0 , (44)
relation (14) an be written in the form
I(α) = 2π q2
∞∑
m=−∞
∞∑
p=−∞
c(α)⋆m (k;n) c
(α)
p (k;n)× (45)
δ
(
k‖ −
ω
|v| −
2π
a
m
)
δ˜
(
k‖ −
ω
|v| −
2π
a
p
)
,
whih is non-zero only for m = p yielding relation (15).
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